Introduction
We let k be a regular F p -algebra, let a, b 2 be relatively prime integers, and consider the coordinate ring A = k[x, y]/(x b − y a ) of the planar cuspical curve y a = x b . The algebraic K-groups of the ring A decompose as the direct sum
of the algebraic K-groups of the ground ring k and the relative algebraic K-groups of A with respect to the ideal a = (x, y). The purpose of this paper is to evaluate the relative groups K q (A, a) in terms of the big de Rham-Witt groups of k. At the moment, the calculation depends on a conjecture of a combinatorial nature that we formulate below. We prove the conjecture in some low-dimensional cases. This leads to new unconditional results for K 2 and K 3 .
To state the result, we first define where r is a non-negative integer. We recall that for every subset S ⊂ N stable under division and every positive integer e, the big de Rham-Witt groups W S Ω q k and the Verschiebung maps V e : W S/e Ω q k → W S Ω q k are defined; see [16] . Theorem A. Let k be a regular F p -algebra and let A = k[x, y]/(x b − y a ) be the coordinate ring of a planar cuspical curve with a, b 2 relatively prime integers and with p not dividing a. Let a = (x, y) ⊂ A be the ideal defining the cusp. Assuming that Conjecture B below holds, there is a canonical long exact sequence 
where the sums range over non-negative integers r and where S = S(a, b, r).
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We remark that if neither a nor b are divisible by p, then the long exact sequence in the statement of Theorem A simplifies to a canonical isomorphism r 0 (W S Ω q−2r k /(V a W S/a Ω q−2r k
with S = S(a, b, r). Indeed, in this case, the maps V a and V b both are injective. Similarly, if k is a perfect field, whose characteristic p > 0 may or may not divide a or b, then Theorem A shows that for every even non-negative integer q = 2r, there is a canonical isomorphism
where again S = S(a, b, r), and that for every odd or negative integer q, the relative K-group in question vanishes. We show in Section 1 below that the domain of this isomorphism is a W(k)-module of finite length 1 2 (q + 1)(a − 1)(b − 1). The precise structure of this W(k)-module and, more generally, of the big de Rham-Witt groups that appear in Theorem A depends on the decomposition of S into "orbits" of the multiplication-by-p map.
We briefly outline the proof of Theorem A and refer to Section 4 below for more details. Let B = k[t] and let f : A → B, g : A → k, and h : B → k be the k-algebra homomorphisms that map x and y to t a and t b , x and y to 0, and t to 0, respectively. We consider the following diagram in which the two right-hand horizontal maps are the cyclotomic trace maps from algebraic K-theory to topological cyclic homology defined by Bökstedt-Hsiang-Madsen [2] .
K(A) K(A)
TC(A; p)
TC(B; p),
Since k is regular, the map induced by g is a weak equivalence, by the fundamental theorem in algebraic K-theory [30, Theorem 8, Corollary] , and hence the left-hand square is homotopy cartesian. Moreover, as we explain in Theorem 4.1 below, results of McCarthy [28] and of Geisser and the author [10] implies that the righthand square, too, is homotopy cartesian. Hence, the mapping fiber K(A, a) of the map of K-theory spectra induced by h is canonically weakly equivalent to the mapping fiber of the map of topological cyclic homology spectra induced by f . The homotopy groups of the latter, can be evaluated by the methods developed by Madsen and the author in [19, 21] , provided that the solution to the combinatorial problem that we now proceed to describe is as stated in Conjecture B below. We fix a positive integer m. Let T be the circle group of complex numbers of modulus 1, let C m ⊂ T be the subgroup of order m, and let ζ m ∈ C m be the generator exp(2πi/m), where i is a fixed square root of −1. The problem that we wish to solve is to determine the homotopy type of the induced pointed T-space T + ∧ Cm X(a, b, m).
To state our conjectured solution to this problem, we suppose that a < b and choose a pair of integers (c, d) with the property that Here S λ(a,b,m) is the one-point compactification of λ(a, b, m), C a is the mapping cone of the map C a+ → S 0 that collapses C a to the non-basepoint in S 0 , and C m acts on C a through the (m/a)th power map. We note that the real C m -representation λ(a, b, m) and the pointed C m -space Y (a, b, m) do not depend on the choice of (c, d).
In general, if Z is a C m -space and m = st, then the subspace Z Cs fixed by the subgroup C s ⊂ C m is a C m /C s -space and we write ρ * s Z Cs for this space viewed as a C t -space with C t acting through the sth root ρ s : C t → C m /C s . Now, the family of pointed C m -spaces X(a, b, m) (resp. Y (a, b, m)) comes equipped with canonical isomorphisms, whenever m = st, of pointed C t -spaces We briefly discuss Conjecture B and refer to Section 6 for details. The singular homology groups of the domain and target of the map in (2) are finitely generated and are known to be abstractly isomorphic; see Corollary 5.2. Hence, it suffices to define a family of maps u(a, b, m) that satisfy (1) and to show that the induced maps in (2) induce surjections of homology groups. By contrast, we do not know how to evaluate the homology groups of the spaces X(a, b, m), although computer calculations by Welker [35] suggest that the maps u(a, b, m) are weak equivalences. In Section 6, we formulate the combinatorial Conjecture 6.2 and, assuming this conjecture, construct maps u(a, b, m) that satisfy (1). We prove in Proposition 6.3 that Conjecture 6.2 holds for all positive integers m with ℓ(a, b, m) 1. Using this result, we prove in Proposition 6.4 that Conjecture B holds for all positive integers m such that either ℓ(a, b, m) = 0 or ℓ(a, b, m) = 1 and neither a nor b divides m. This, in turn, implies the following unconditional result, which extends earlier calculations by Krusemeyer [25, Proposition 12 .1] of K 1 .
Theorem C. The long exact sequence in Theorem A is valid for all q 2. If p divides neither a nor b, then the sequence is valid for all q 3.
Proving Conjecture B would likely require an understanding of the facet structure of the stunted regular cyclic polytopes P (a, b, m) that we introduce in Section 6 below. At the moment, this important problem is completely open. However, since algebraic K-theory has a tendency to suggest deep yet solvable problems, one may well hope that a complete solution can be found.
We finally mention that for k a field of characteristic zero, the cyclic homology groups of A were calculated by Geller, Reid, and Weibel [12, Theorem 9.2] and that, in view of the affirmation by Cortiñas [4] of the KABI-conjecture made in [12] , this gives a complete calculation of the groups K q (A, a).
It is a great pleasure to thank Volkmar Welker for his very helpful computer calculations which strongly support Conjecture B. This paper was written in part while the author was visiting the Australian National University. The author would like to express his sincere gratitude to the university and to Jim Borger in particular for their hospitality and support.
Big de Rham-Witt forms
In this section, we recall the groups W S Ω q k of big de Rham-Witt forms that appear in Theorem A in the introduction. These groups were introduced in [21] , but a better and more direct construction is given in [16] .
The big de Rham-Witt complex of a commutative ring k is the initial example of a rather complex algebraic structure called a Witt complex. To state the definition, we say that a subset S ⊂ N of the set of positive integers is a truncation set if whenever m = st ∈ S then both s ∈ S and t ∈ S. We consider the truncation sets as the objects of a category with a single morphism from S to T if S ⊂ T and recall that there is a contravariant functor that to a truncation set S associates the ring W S (k) of big Witt vectors in k indexed by S. If n is a positive integer and S a truncation set, then one defines S/n = {s ∈ N | ns ∈ S}. It is a truncation set and there are natural maps Definition 1.1. Let k be a commutative ring. A Witt complex E over k is a contravariant functor that to a truncation set S associates an anti-symmetric graded ring E * S and takes colimits to limits together with a natural map of rings
and natural maps of graded abelian groups
such that the following (1)-(5) hold.
(2) If m and n are positive integers, then
(4) If n is a positive integer and ω ∈ E q S , then
(5) If n is a positive integer, S a truncation set, and a ∈ k, then
If m is positive integer, then we define m to be the truncation set of divisors of m. We note that if also n is a positive integer, then m /n = m/n , if n divides m, and m /n = ∅, otherwise. Hence, it makes sense to restrict a Witt complex E to the truncation sets of the form m . This restricted Witt complex, in turn, determines E up to unique isomorphism. Indeed, every truncation set S is equal to the union of the truncation sets m with m ∈ S, and hence,
with S ordered under division.
The big de Rham-Witt complex W S Ω * k is defined, up to unique isomorphism, to be an initial object in the category of Witt complexes over k. An explicit construction is given in [16, Section 4] . It is proved in loc. cit., Addendum 4.8, that the canonical maps η {1} : Ω * 
k for the map of graded rings induced by the inclusion of truncation sets T ⊂ S and call it the restriction map. It is a surjective map.
We now let p be a prime number and assume that k is a Z (p) -algebra. In this case, the big de Rham-Witt groups admit the following p-typical decomposition. Let P ⊂ N be the truncation set consisting of the powers of p. We say that a truncation set S is p-typical if S ⊂ P . The finite p-typical truncation sets are the empty set ∅ and the sets p v−1 = {1, p, . . . , p v−1 } with v a positive integer. If S is any truncation set, then we define S ′ ⊂ S to be the sub-truncation set consisting of the elements e ∈ S that are not divisible by p. In this situation, the map
whose eth component is the composite map
is an isomorphism; see [21, Corollary 1.2.6] . The decomposition may be memorized by noting that S is the disjoint union of the orbits S ∩ eP of multiplication by p and that multiplication by e defines a bijection of the p-typical truncation set (S/e) ∩ P onto the orbit S ∩ eP . We also spell out the p-typical decomposition of the maps F s , V s , and R γ defined below commute.
Here, the map F γ s takes the factor indexed by e ∈ S ′ ∩ s ′ N to the factor indexed by e/s ′ ∈ (S/s) ′ by the map F p v and annihilates the factors indexed by e ∈ S We also remark that for any commutative ring k, the group
agrees, up to unique isomorphism, with the p-typical de Rham-Witt group defined in [23] for p odd and in [5] for p = 2. If k is an F p -algebra, then the common group further agrees, up to unique isomorphism, with the classical p-typical de RhamWitt group defined in [24] . If k is a regular F p -algebra, then the structure of the wth graded piece gr [24, Corollary I.3.9] in terms of the groups of de Rham forms Ω q k and the Cartier operator. We also remark that if k is a perfect (2) The length of the open interval (cm/a, dm/b) is equal to m/ab which is strictly larger than r and less than or equal to r + 1. Therefore, the number ℓ(a, b, m) of integers in this interval is either r or r + 1. If m is divisible by either a or b, then one or both end points of the interval are integers. Therefore, in this case, it contains precisely r integers.
(3) By (2), the positive integers m that satisfies ℓ(a, b, m) = r are among the 2ab integers (r − 1)ab + 1 m (r + 1)ab. Moreover, on the first half (resp. the second half), the value of ℓ(a, b, m) is either r − 1 or r (resp. either r or r + 1). Finally, by (1), the number of integers (r−1)ab+1 m rab with ℓ(a, b, m) = r−1 is equal to the number of integers rab + 1 m (r + 1)ab with ℓ(a, b, m) = r. Therefore, the total number of integers m with ℓ(a, b, m) = r is equal to ab as stated.
(4) It follows from (2) that all positive integers m with ℓ(a, b, m) = 0 are among the ab integers 1 m ab. Moreover, on said ab integers, the value ℓ(a, b, m) is either 0 or 1 and is equal to the coefficient c m in the polynomial
The coefficients in this polynomial satisfy c m = c 2ab−m because f (t)t −2ab = f (t −1 ). Since c ab = ℓ(a, b, ab) = 0, we find by setting t = 1 that Proof. The statement (1) follows from Lemma 1.4, (3)-(4). To prove (2), we note that multiplication by a defines a bijection of S(a, b, r)/a onto S(a, b, r) ∩ aN. Lemma 1.4 (2) shows immediately that the latter set has cardinality (r + 1)b, which proves (2) . The proofs of (3) and (4) are analogous. Corollary 1.7. Let r be a non-negative integer, let S = S(a, b, r), and let k be a commutative ring. The
Proof. In general, if T is a finite truncation set, then
In the case at hand, if T ⊂ S is the sub-truncation set of elements m ∈ S that are not divisible by either a or b, then the restriction map R S T induces an isomorphism We proceed to evaluate the long exact sequence in Theorem A in low degrees, beginning with the case p = 2. Since S(2, 3, 0) = {1, 2, 3, 4, 6}, the sequence begins
In the bottom line, the map V 3 is injective with cokernel 
Indeed, in general, the kernel of the restriction map is
, and since p = 3, we have dV 3 = 1 3 V 3 d. However, if p = 3, then the map V 3 in the top line of the long exact sequence above need not be injective and its cokernel may be larger than Ω 1 k . We next assume that p = 3. Interchanging the rôle of a and b, the long exact sequence in Theorem A now begins
The map V 2 is the bottom line is injective with cokernel
Moreover, if also p = 2, then the map V 2 in the top line is injective with the canonical retraction 1 2 F 2 and with cokernel
However, if p = 2, then the map V 2 in the top line is not necessarily injective and its cokernel may be larger than Ω 1 k .
The groups TR
The purpose of this section is to determine the structure of the equivariant homotopy groups TR m q−λ (k) of the topological Hochschild T-spectrum T (k). This is mostly a recollection of results from [20, 21, 18] , but as a new contribution, we exhibit an explicit generator of the cyclic W(F p )-module TR m q−λ (F p ). Let k be a unital associative ring and let T (k) be the associated topological Hochschild T-spectrum. For every positive integer m, every integer q, and every finite dimensional orthogonal T-representation λ, we define
to be the abelian group of maps in the T-stable homotopy category. If m = st, then the canonical projection of T/C t onto T/C m and the associated equivariant transfer
called the sth Frobenius and the sth Verschiebung. Similarly, Connes' operator
is induced by a map δ :
is more complicated and uses the cyclotomic structure of T (k); see [23, Section 2.3] . Here, and below, we use the abbreviation
If the ring k is commutative, then T (k) inherits the structure of a commutative ring T-spectrum. Hence, for fixed m, the groups TR m q (k) form an anti-symmetric graded ring, and the groups TR 
of Witt complexes over k. This map is of a nature similar to the canonical map from the Milnor K-theory of a field to the Quillen K-theory of the field.
We now let p be a prime number and assume that the ring k is a Z (p) -algebra, not necessarily commutative. In this case, the groups and maps considered above admit the following p-typical decomposition. We define
and abbreviate F = F p , V = V p , and R = R p . We write m = p v−1 m ′ with m ′ not divisible by p. In this situation, we recall from [1, Proposition 2.1] that the map
is an isomorphism. Here h = m ′ /e. We caution that λ ′ depends on e. Suppose that m = st and write s = p w s ′ and t = p v−w−1 t ′ with s ′ and t ′ not divisible by p. We also recall from loc. cit. that there are three commutative square diagrams takes the factor indexed e ∈ t ′ ⊂ m ′ to the factor indexed by e ∈ t ′ by the map R v and annihilates the factors indexed by e ∈ m ′ t ′ . Suppose that the Z (p) -algebra k is commutative. We recall from (1.3) that in this case the big de Rham-Witt groups admit a similar p-typical decomposition. In fact, since the map (2.1) is a map of Witt complexes and since m ′ = m ′ , the following diagram, where we abbreviate η v = η p v−1 , commutes.
′ . Given a T-representation λ and a positive integer v, we write
The following result is proved in [18, Theorem 11] . The canonical map in the statement is induced by the map (2.1) and the map of TR-groups induced by the unit map ι :
Theorem 2.3. Let k be a regular F p -algebra and let λ be a finite dimensional complex T-representation. The canonical map
where w = w(r, λ, v) is equal to 0, if dim R (λ) 2r; is equal to w, if there exists an
It was proved in [20, Proposition 9.1] that the group TR v 2r−λ (F p ; p) is cyclic of order p v−w with w = w(r, λ, v) as in the statement. Below, we will give a preferred generator of this group, and for this purpose, we first recall the Tate spectrum and the Tate spectral sequence following [22, Section 4] .
Let E be a free T-CW-complex which, non-equivariantly, is contractible; if E ′ is another T-CW-complex with this property, then there exists a unique Thomotopy class of T-homotopy equivalences from E to E ′ . We defineẼ to be the pointed T-CW-complex given by the mapping cone of the pointed map π : E + → S 0 that collapses E onto the non-basepoint in S 0 . We note that the definition of the mapping cone and of the cofibration sequence of pointed T-CW-complexes
depend on choices and that we always use the choices made in [22, Section 2] . Now, the (−q)th Tate cohomology group of C p v with coefficients in the T-spectrum T is defined to be the equivariant homotopy group
where X c → X is a T-CW-replacement. The Tate cohomology groups of C p v with coefficients in T are the abutment of the Tate spectral sequence
from the corresponding Tate cohomology groups of C p v with coefficients in the trivial
If T is a ring T-spectrum, then the spectral sequence is multiplicative.
The definition of the cyclotomic trace map given by Dundas and McCarthy in [7] gives a map in the stable homotopy category tr :
T . This map, in turn, determines a map in the T-stable homotopy category that we also write
It follows from [9, Appendix] that this map is a map of ring T-spectra.
Lemma 2.4. Let p be a prime number, let v be a positive integer, and let µ be a complex T-representation of real dimension 2d.
(1) The graded ringĤ
is free of rank one generated by the product [S µ ]ι of the fundamental class [S µ ] ∈ π 2d (S µ ) and the multiplicative unit element ι ∈ π 0 (K(F p )).
(3) The edge homomorphism of the Tate spectral sequencê
is an isomorphism for all integers q. (4) The map induced by the cyclotomic trace map
is an isomorphism for all integers q.
Proof. The statement (1) is proved in [22, Section 4] with the preferred generator t defined in loc. cit. to be the class of the cycle y 0 ⊗ N x * 1 , and (2) follows immediately from
For the proof of (3), we recall that for t > 0, the group K t (F p ) is finite of order prime to p. It follows that the (multiplicative) Tate spectral sequencê
collapses and that the edge homomorphism is an isomorphism as stated. Finally, to prove (4), we first consider the (multiplicative) Tate spectral sequence for T (F p ), which takes the form
with deg(u) = (−1, 0), deg(t) = (−2, 0), and deg(σ) = (0, 2); the precise definition of the generators u, t, and σ is given in [22, Section 4] , and the spectral sequence was evaluated in [20, Section 5] . The result is that the elements t and σ both are infinite cycles and that the non-zero differentials are multiplicatively generated from d 2v+1 (u) being equal to t v+1 σ v times a unit in F p . It follows that
Next, the Tate spectral sequence for S µ ∧ T (F p ) is a module spectral sequence over the spectral sequence for T (F p ) generated by the infinite cycle tr([S µ ]ι) ∈Ê r 0,2d . Moreover, it was proved in loc. cit. that the extensions in passing from E ∞ to the abutment are maximally non-trivial. We conclude that the domain and target of the map (4) are abstractly isomorphic abelian groups, and since the map takes a generator of the domain to a generator of the target, it is an isomorphism.
The following result is a refinement of [20, Proposition 9.1]. We recall the function w = w(r, λ, v) defined in the statement of Theorem 2.3 and recall the abbreviation
Proposition 2.5. Let p be a prime number, let v be a positive integer, and let λ be a finite dimensional complex T-representation. Let µ be a choice of a finite dimensional complex T-representation with µ ′ = λ.
(1) The group TR v q−λ (F p ; p) is trivial, if q is odd, and is cyclic of order p v−w with a preferred generator σ(r, µ, v), if q = 2r is even. Here w = w(r, λ, v).
(2) If q = 2r is even and q < dim R (λ), then the restriction map
is an isomorphism and takes σ(r, µ, v) to σ(r, µ ′ , v − 1).
(3) If q = 2r is even, then the Frobenius map
is surjective and takes σ(r, µ, v) to σ(r, µ, v − 1).
Proof. We first consider the case dim R (λ) q. We recall that, in this case, it is proved in [20, Addendum 9.1] that the map
is an isomorphism. Moreover, Lemma 2.4 shows that the common group is zero, if q is odd, and a cyclic group of order p v , if q = 2r is even. To define the preferred generator σ(r, µ, v), we consider (the left-hand column of) the commutative diagram
in which the vertical maps are isomorphisms and 2d = dim R (µ). We define the preferred generator σ(r, µ, v) of the top left-hand group to be the unique class that corresponds under the isomorphisms in the left-hand column to the preferred generator t d−r [S µ ]ι of the lower left-hand group. The lower horizontal map F is the map of Tate cohomology groups induced by the canonical inclusion of
One readily verifies that it is surjective and that it maps the generator t d−r [S µ ]ι in the domain to the generator t d−r [S µ ]ι in the target. It follows that the top horizontal map F is surjective and takes the generator σ(r, µ, v) to the generator σ(r, µ, v − 1) as stated. This proves the proposition in the case dim R (λ) q.
) with 1 w < v. In this case, it follows from [20, Theorem 2.2] that the restriction map
is an isomorphism, and the target was determined above. We conclude that the domain is zero, if q is odd, and a cyclic group of order p v−w , if q = 2r is even. In the latter case, we define the generator σ(r, µ, v) of the domain to be the unique class that is mapped to generator σ(r, µ (w) , v − w) of the target. This proves (1) and (2), and (3) follows from the commutativity of the diagram
and from what was proved above.
Remark 2.6. In the proof of Proposition 2.5, we used that the map
is an isomorphism if dim R (λ) q. For general q, the map was determined, up to a unit, in [13, Proposition 5.1]. We note that, contrary to what one might first expect, the map is generally not injective.
The cyclic bar-construction
both are monoid algebras, and moreover, the k-algebra map f : A → B that takes x to t a and y to t b is induced by a monoid map. In general, if M is a monoid and k[M ] the associated monoid k-algebra, then there is a canonical natural map of cyclotomic spectra
where N cy (M ) is the cyclic bar-construction of M whose definition we recall below. It follows from [20, Theorem 7 .1] that this map induces isomorphisms of equivariant homotopy groups, and hence, one may hope to evaluate the groups TR m q (k[M ]) by understanding the structure of the T-space N cy (M ). In this section, we will examine the structure of the cyclic bar-construction of the monoids corresponding to A and B. We refer the reader to Loday's book [27] for an introduction to cyclic sets and their geometric realization, but see also [6, 31] .
The cyclic bar-construction of a monoid M is the cyclic set N cy (M )[−] whose set of q-simplices is the (q + 1)-fold product
and whose cyclic structure maps are defined as follows.
We note that the q-simplices of the form (1, x 1 , . . . , x q ) are not degenerate, unless one or more of x 1 , . . . , x q are equal to the identity element 1 ∈ M . We write
for its geometric realization. It has a canonical left T-action, as does the geometric realization of any cyclic set, but it has an additional structure that we now explain. The subspace N cy (M ) Cs fixed by C s ⊂ T is canonically a T/C s -space and we write ρ * s N cy (M ) Cs for this space considered as a T-space via the sth root ρ s : T → T/C s . The additional structure is a canonical isomorphism of T-spaces
It is defined in [2, Section 2] to be the composition the canonical (non-simplicial) isomorphism of T-spaces
Cs |, whose target is the geometric realization of the cyclic set defined by the C s -fixed set of the s-fold edgewise subdivision of N cy (M ) [−] , and the inverse of the map induced by the isomorphism of cyclic sets
Cs that to the q-simplex (x 0 , . . . , x q ) associates its s-fold repetition (x 0 , . . . , x q , . . . , x 0 , . . . , x q ).
We now define x, y to be the submonoid of the underlying multiplicative monoid of A given by the elements of the form x i y j , where (i, j) is a pair of nonnegative integers. Similarly, we define t to be the submonoid of the underlying multiplicative monoid of B given by the elements of the form t m , where m is a non-negative integer. The k-algebras A and B are the monoid k-algebras of x, y and t , respectively, and the k-algebra homomorphism f : A → B is induced by a monoid map f : x, y → t . We define N cy (f ) to be the mapping cone of the induced map of pointed T-spaces f : N cy ( x, y ) + → N cy ( t ) + . We also define
to be the geometric realization of the quotient of the cyclic set
. Since the latter map is injective, it follows that the canonical projection
is a weak equivalence of pointed T-spaces. The cyclic sets considered above admit the following decompositions into wedge sums indexed by non-negative integers m,
Here N cy ( t ; m)[−] is the cyclic subset of N cy ( t )[−] whose q-simplices are the (q + 1)-tuples (t m0 , . . . , t mq ) such that m 0 + · · · + m q = m, and the cyclic subsets
are respectively the pre-image by f and the image by q of this cyclic subset. These wedge decompositions of cyclic sets induce the following decompositions of the pointed T-spaces considered above into wedge sums indexed by non-negative integers m,
Moreover, if m = st, then the canonical isomorphism r s defined above induces the vertical isomorphisms in the following commutative diagram of pointed T-spaces,
We also note that if the positive integer s does not divide m, then the pointed T-spaces in the top line of this diagram both are singletons. Let m = st be a positive integer. We recall the pointed C m -space X(a, b, m) and the isomorphism of pointed C t -spaces r X,s : ρ * s X(a, b, m)
Cs → X(a, b, t) defined in the introduction. We precompose the induced isomorphism of pointed T-spaces
with the inverse of the isomorphism of pointed T-spaces
that to the class of (z, x) associates the class of (ρ s (z), x) to obtain the isomorphism
Cs rs
Proposition 3.1. The pointed T-space N cy ( t , t a , t b ; 0) is a singleton, and for every positive integer m, there is a canonical isomorphism of pointed T-spaces
Moreover, if m = st, then the diagram Proof. The case m = 0 is clear, so we suppose that m is a positive integer. The cyclic set N cy ( t ; m)[−] is generated by the (m−1)-simplex (t, . . . , t) subject to the relations generated by the identity t m−1 (t, . . . , t) = (t, . . . , t). Hence, it follows from [20, Section 7.2] that there is a canonical T-equivariant homeomorphism
from the left T-space induced from the left C m -space ∆ m−1 . We claim that it restricts to a T-equivariant homeomorphism of the sub-T-space T × Cm Σ(a, b, m) 
But this map also is surjective, since N cy ( t a , t b ; m)[−] is generated as a cyclic set (but not as a simplicial set) by the positive simplices. It follows that e m induces the stated isomorphism of the quotient T-spaces.
Remark 3.2. The C m -action on X(a, b, m) does not extend to a T-action, and therefore, T + ∧ Cm X(a, b, m) does not admit untwisting into a smash product of two pointed T-spaces. By contrast, the C m -action on S λ(a,b,m) extends to a T-action, and hence, we obtain the untwisting isomorphism
that maps the class of (z, v) to (zC m , zv). Here, the target is given the diagonal T-action.
Proof of Theorem A
In this section we complete the proof of Theorem A in the introduction. We first use the comparison theorems between K-theory and topological cyclic homology proved by McCarthy [28] and by Geisser and the author [10, 11] to prove the following general result. Theorem 4.1. Let k be a unital associative ring, let 1 < a < b be relatively prime integers, let
, and let f : A → B be the k-algebra homomorphism that maps x and y to t a and t b , respectively. If the prime number p is nilpotent in k, then the diagram of symmetric spectra
is homotopy cartesian. The diagram becomes homotopy cartesian upon pro-finite completion for every unital associative ring k.
Proof. Let I ⊂ A be the conductor ideal from A to B, which we calculated in Remark 1.5, and let J = f (I) ⊂ B. Let a ⊂ A be the ideal generated by x and y, and let b ⊂ B be the ideal generated by t. We consider the following diagram of spectra, where all vertical maps are induced by f : A → B, where all maps from the back rectangular diagram to the front rectangular diagram are the cyclotomic trace maps, and where all horizontal maps are induced by the respective canonical projection maps of k-algebras. We consider the diagram in the statement of Theorem 4.1. The theorem shows that the cyclotomic trace map induces an weak equivalence of the homotopy fiber of the left-hand vertical map to the homotopy fiber of the right-hand vertical map. In view of Proposition 3.1, if we assume Conjecture B, then we may repeat the argument of [20, §8 ] to obtain the following result. , and let f : A → B be the k-algebra map that takes x to t a and y to t b . Assuming Conjecture B, the profinite completions of the mapping fiber of the map of topological cyclic homology spectra
induced by f and the iterated mapping cone of the diagram of spectra
Cm are canonically weakly equivalent. Here we index all four homotopy limits by the set N of positive integers ordered under division with the understanding that the mth term in the upper right-hand limit (resp. lower left-hand limit, resp. upper left-hand limit ) is trivial if m is not divisible by a (resp. by b, resp. by ab ).
We remark that by [1, Proposition 1.1], the canonical projections from the four terms in the diagram in Proposition 4.2 to the mth terms of the corresponding limit systems are dim R (λ(a, b, 2m) )-connected. In particular, the induced diagram of qth Here we again index all four limits by the set N ordered under division. As explained in Section 2, the group TR m q−λ (k) has a canonical module structure over the ring TR m 0 (k), and hence, we can view it as a module over the ring W(k) via the composite ring homomorphism
The structure maps in the four limit systems are W(k)-linear with respect to this W(k)-module structure, since the map η is compatible with restriction maps. This defines W(k)-module structures on the four limits in the diagram above. However, the maps V a are not linear with respect to this module structure but instead are F a -linear in the sense that the projection formula x · V a (y) = V a (F a (x) · y) holds, and similarly for the maps V b .
Proof of Theorem A. Let k be a regular F p -algebra. We construct, for every positive integer n, a canonical isomorphism of W(k)-modules First, in the case k = F p , we must construct, for every positive integer n and even non-negative integer q = 2r, a canonical isomorphism of W(F p )-modules
compatible with Verschiebung maps. We must also show that, for q odd or negative, the right-hand side vanishes. To this end, we consider the p-typical decompositions of the two W(F p )-modules in question. We write n = p w n ′ with n ′ prime to p. On the one hand, the canonical ring isomorphism (1.3) takes the form
Moreover, it follows readily from the definition of S(a, b, r) that card((S(a, b, r)/ne) ∩ P ) = s − w with s = s(a, b, r, n, e) defined to be the unique integer s > w such that
if such an integer exists, and w, otherwise. On the other hand, taking limits over m ∈ N of the isomorphisms (2.2), we obtain a canonical isomorphism
with the limit systems on the right-hand side indexed by the set N ordered under addition. Moreover, Proposition 2.5 shows that if q = 2r is non-negative, then
, r, n, e) with the preferred generator σ(a, b, r, n, e) defined to be the unique class such that
for v s(a, b, r, n, e). It also follows from Proposition 2.5 that the limit in question is zero, if q is odd or negative. We conclude that, if q = 2r is non-negative and even, then there is an isomorphism of W(F p )-modules
that to 1 associates the class σ(a, b, r, n) defined by γ(σ(a, b, r, n)) = (σ(a, b, r, n, e)) e∈N ′ , and that if q is odd or negative, then the limit is zero. It remains to show that the isomorphisms f n are comtable with Verschiebung operators. By the projection formula, this is equivalent to showing that if n = st then the map
takes σ(a, b, r, t) to σ(a, b, r, n). We write s = p i s ′ and t = p j t ′ with s ′ and t ′ prime to p such that n ′ = s ′ t ′ and w = i + j. It suffices to show that for all e ∈ s ′ N ′ ,
takes σ(a, b, r, t, e) to σ(a, b, r, n, e/s ′ ) which, in turn, translates to showing that
. But this was proved in Proposition 2.5, so the proof of the theorem for k = F p is complete.
Next, if k is a regular F p -algebra, we consider TR m/n * −λ(a,b,m) (k) as a graded module over the graded ring
of the canonical projection and the unique map of Witt complexes. Since the latter is compatible with restriction maps, the limit lim R TR m/n * −λ(a,b,m) (k) inherits a graded W Ω * k -module structure. Hence, the map of graded W(F p )-modules
Considering the p-typical decomposition of this map, we conclude from Theorem 2.3 and from the same cardinality counting argument as above that it factors through an isomorphism of graded W Ω * k -modules . Finally, the projection formula again shows that the isomorphisms f n are compatible with the respective Verschiebung maps. This completes the proof.
Homology calculations
In this section, we calculate the reduced (cellular) homology groups of the pointed T-spaces N cy ( t , t a , t b ; m) and determine Connes' operator
that is defined to be the composition of the cross product with the fundamental class [T] and the map of reduced homology groups induced by the action map
This amounts to a reinterpretation of the calculation in [14, 26] Let k be a commutative ring and let R be a k-algebra. The associated Hochschild complex is defined to be the cyclic k-module HH(R/k)[−] whose k-module of qsimplices is the (q + 1)-fold tensor product
and whose cyclic structure maps are given as follows.
The homology groups of the associated chain complex HH(R/k) are called the Hochschild homology groups of R/k and denoted HH q (R/k). Let
be the enveloping algebra of R over k. The two-sided bar-construction of R over k is defined to be the simplicial left R e -module B(R, R, R)[−] whose R e -module of q-simplices is the (q + 2)-fold tensor product
and whose simplicial structure maps are given by
with 0 i q. We view R as a right R e -module (resp. left R e -module) with the multiplication by a⊗a ′ ∈ R e defined by x·(a⊗a ′ ) = a ′ xa (resp. by (a⊗a ′ )·x = axa ′ ) and recall the canonical isomorphism of simplicial k-modules We also recall from [3, Exposé 7] that if R is commutative, then the chain complex B(R, R, R) equipped with the shuffle product is a strictly anti-symmetric differential graded R e -algebra. Moreover, the subalgebra of elements of even degrees carries a canonical divided power structure on the ideal of elements of positive degree. This makes HH * (R/k) a strictly anti-symmetric graded R-algebra such that the subalgebra of even degree elements carries a canonical divided power structure on the ideal of elements of positive degree. Finally, if R is any k-algebra, we define
to be the k-linear map given by
The induced map of homology groups is Connes' operator
It is a differential and, for R commutative, a graded derivation. Hence, if R is a commutative k-algebra, then we have the unique map
from the initial strictly anti-symmetric differential graded k-algebra with underlying k-algebra R. It is an isomorphism for q 1, and if the unit map k → R is a smooth (or, more generally, regular) morphism, then it is an isomorphism for all integers q by the Hochschild-Kostant-Rosenberg theorem [34, Theorem 9.4.7] (and by the approximation theorem of Popescu [29, 32] ). If M is a monoid, then there is a canonical isomorphism of cyclic k-modules
that takes the generator (x 0 , . . . , x q ) to the element x 0 ⊗ · · · ⊗ x q . It induces a canonical isomorphism from the cellular homology groups of with k-coefficients of N cy (M ) to the Hochschild homology groups of k[M ]/k, and the diagram
commutes. In fact, the corresponding diagram of associated normalized chain groups and maps commutes; see the proof of [17, Proposition 1.4.5].
We now return to the task at hand where we consider the following cofibration sequence of pointed T-spaces.
The canonical isomorphism w defined above identifies the cellular homology groups with k-coefficients of the two left-hand terms with the Hochschild homology groups of the k-algebras
, respectively, and identifies the map of cellular homology groups induced by f with the map of Hochschild homology groups induced the k-algebra homomorphism f : A → B. Moreover, the cofibration sequence above decomposes as a wedge sum indexed by non-negative integers m of the cofibration sequences of the corresponding weight m pieces.
The Hochschild homology groups HH q (A/k) were evaluated in [14] and Connes' operator on these groups was evaluated in [26] . We recall the result, but follow the choices of signs and definitions made in [22, Section 2, Appendix] which differ from those of [14] and [26] which, in turn, differ from one another. We consider the differential graded algebra A e -algebra
where dx and dy are exterior generators of degree 1 and z a divided power generator of degree 2, and where the differential δ maps
is the rth divided power of z. The augmentation ε R : R(A) → A that takes a ⊗ a ′ to aa ′ is a resolution of the left A e -module A by free left A e -modules. Therefore, the groups HH * (A/k) are canonically isomorphic to the homology groups of the differential graded A-algebrā R(A) = A ⊗ A e R(A), where the differential δ annihilates dx and dy, maps z to
and satisfies δ(z
The isomorphism is given as follows. We choose a map of chain complexes of left A e -modules
The map h is uniquely determined, up to chain homotopy, and is a chain homotopy equivalence. Hence, the composite chain map
induces an isomorphism of homology groups which is independent of the choice of the map h. The standard choice of h is the unique map of differential graded A e -algebras that preserves divided powers and satisfies
with s −1 the k-linear chain homotopy defined earlier. Following [26, (2.8.5)], we also define a k-linear mapR
as follows. We first choose the basis of the free k-moduleR(A) that consists of the elements
, and x i y j dxdyz [r] , where (i, j, r) is a triple of non-negative integers and i < b, and next define d R on these elements by
if i 1 and j = 0
if i = 0 and j 1 (i + br)
The reader will notice the lack in symmetry in the definition of the map d R and, not surprisingly, the map is not a derivation and the diagram
does not commute. Nevertheless, by using the notion of strongly homotopy k-linear maps introduced in [15] , it is proved in [26, §1] that the map of homology groups induced by d R is a derivation and that the diagram of homology groups
does commute. Hence, we can use the map d R to evaluate Connes' operator. The Hochschild homology groups of B = k[t] are calculated in a similar way; this is the starting point of the proof of the Hochschild-Kostant-Rosenberg theorem. To this end, we consider the differential graded B e -algebra
where dt is of degree 1, and where the differential δ maps δ(dt)
′ is a resolution of the left B e -module B by free left B e -modules. We define
to be the unique map of differential graded B e -algebras that maps the generator dt to s −1 (t ⊗ 1 − 1 ⊗ t). It satisfies ε • h = ε R , and hence, the map
is a chain homotopy equivalence, the chain homotopy class of which is independent on our choice of the augmentation preserving chain map h. We also definē
to be the k-linear derivation given by d R (t m ) = mt m−1 dt and note that the following diagram of homology groups commutes, despite the failure of the corresponding diagram of chain groups and maps to do so.
Since the differential δ inR(B) is trivial, we find that η :
) is an isomorphism. Here the target is considered as a strictly anti-symmetric differential graded k-algebra with respect to d R .
Finally, we define f R : R(A) → R(B) to be the unique map of differential graded k-algebras that, in degree 0, is given by f e : A e → B e and that maps
In this situation, although the diagram of chain groups and maps, which is depicted on the left-hand side below, fails to commute, the induced diagram of homology groups, depicted on the right-hand side, does commute.
We use the right-hand diagram to evaluate the reduced cellular homology groups of the pointed T-spaces N cy ( t , t a , t b ; m) and the action of Connes' operator.
Proposition 5.1. Let 1 < a < b be relatively prime integers and let m be a positive integer.
is a free abelian group of rank 1 if q = 2ℓ(a, b, m) or q = 2ℓ(a, b, m) + 1, and is zero otherwise. In addition, if q = 2ℓ(a, b, m), then Connes' operator
takes a generator of the domain to m times a generator of the target. Proof. We consider the long exact sequence of reduced cellular homology groups associated with the weight m summand of the cofibration sequence
In this sequence, the maps induced by f and p commute with Connes' operator d and the boundary map anti-commutes with d. We evaluate the groups and maps in the long exact sequence by means of the commutative diagram
in which the vertical maps are isomorphisms.
We begin with the case (1) where neither a nor b divides m. If ℓ(a, b, m) = 0, then N cy ( x, y ; m) is the empty space, and hence, the map
is an isomorphism. The left-hand group is free abelian of rank 1, if q = 0 or q = 1, and is zero, otherwise. Moreover, Connes' operator maps the generator t m in degree q = 0 to m times the generator t m−1 dt in degree q = 1. This proves the statement for ℓ(a, b, m) = 0. If ℓ(a, b, m) = r + 1 1, then we write m = ai + bj + abr with 0 < i < b and 0 < j < a. In this case, the complexR(A; m) is freely generated, as a graded abelian group, by the homogeneous elements
with 0 s r. If r = 0, then the complex has zero differential, and hence, the homology groups are free abelian on the homology classes of the cycles
of degrees 0, 1, 1, and 2, respectively. Similarly, the complexR(B; m) has free abelian homology groups generated by the classes of the cycles t m and t m−1 dt of degrees 0 and 1, respectively. Moreover, the map
takes x i y j to t m and x i−1 y j dx and x i y j−1 dy to at m−1 dt and bt m−1 dt, respectively. Hence, for q = 0, this map is an isomorphism, and for q = 1, it is a surjection whose kernel is generated by the class of b · x i−1 y j dx − a · x i y j−1 dy. In addition,
The statement (1) for ℓ(a, b, m) = 1 follows. Finally, if r 1, then we find that the groups H q (R(A; m)) are free abelian generated by the classes of the cycles
whose degrees are 0, 1, 2r + 1, and 2r + 2, respectively. Here, we have chosen a pair of integers (c, d) such that ad − bc = 1, but we note that the homology class of the cycle d · x i−1 y j+ar dx − c · x i y j+ar−1 dy is independent of this choice. The map
takes x i y j+ar to t m and d · x i−1 y j+ar dx − c · x i y j+ar−1 dy to t m−1 dt, and hence, is an isomorphism for q = 0 and q = 1. Moreover,
The statement (1) for ℓ(a, b, m) 2 follows. We next consider the case (2), where a but not b divides m, the case (3) being similar. If we write m = ai + abr with 0 < i < b, then ℓ(a, b, m) = r. As a graded abelian group,R(A) is freely generated by the homogeneous elements
with 0 s r;
with 1 s r.
If r = 0, thenR(A) has zero differential, and therefore, its homology groups are free abelian generated by the classes of the cycles x i and x i−1 dx. Moreover,
maps x i to t m and x i−1 dx to a · t m−1 dt, respectively, so the statement (2) in the case ℓ(a, b, m) = 0 follows. If r 1, then the homology groups ofR(A; m) are concentrated in degrees q = 0, q = 1, and q = 2r. The first two groups are free abelian of rank 1 generated by the classes of the cycles
respectively, and we conclude as before that f R : H q (R(A; m)) → H q (R(B; m)) is an isomorphism in degrees q = 0 and q = 1. The third group is cyclic of order a generated by the class of the cycle ] . Hence, we conclude that the statement (2) holds also for ℓ(a, b, m) 1.
Finally, we consider the case (4), where a and b both divide m. We write m = abr with r 1 and note that ℓ(a, b, m) = r − 1. As a graded free abelian group, the complexR(A; m) is generated by the homogeneous elements
with 1 s r;
with 2 s r.
The homology groups are free abelian generated by the classes of the cycles
and we see as before that f R : H q (R(A; m)) → H q (R(B; m)) is an isomorphism. It follows that the groupsH q (N cy ( t , t a , t b ; m)) are all trivial, as stated.
We may view the reduced homology of a pointed left T-space as a graded left module over the Pontryagin ring H * (T; Z) with left multication by the fundamental class [T] given by Connes' operator. 
where the maps are the canonical projections, and the upper right-hand term (resp. lower left-hand term, resp. upper left-hand term) is understood to be a onepoint space if m is not divisible by a (resp. by b, resp. by ab). Now one readily verifies that the left H * (T; Z)-module given by the reduced homology groups of ℓ(a, b, m) v, then long exact sequence in the statement of Theorem A is valid for all q 2v + 1. A similar argument shows that Theorem C follows from Proposition 6.4 which we prove below.
Stunted regular cyclic polytopes
In this section, we formulate Conjecture 6.2 concerning a new family of polytopes that we call stunted regular cyclic polytopes. Assuming the conjecture, we construct maps u(a, b, m) that satisfy part (1) We recall that the regular cyclic polytope of dimension 2d with m vertices as defined by Gale [8] is the convex hull P (d, m) of the subset
where C m ⊂ C * is the group of mth roots of unity. The regular cyclic polytopes are high-dimensional generalizations of the regular polygons, and the combinational structure of their faces is completely understood. We are interested in a family of polytopes defined in a similar manner but with the interval {1, 2, . . . , d} replaced by different intervals of integers. We call these stunted regular cyclic polytopes.
Definition 6.1. Let 1 < a < b be relatively prime integers, let (c, d) be a pair of integers with ad − bc = 1, and let m be a positive integer. The stunted regular cyclic polytope P (a, b, m) is the convex hull of the finite subset
where J(a, b, m) is the set of integers in the closed interval [cm/a, dm/b].
We note that the dimension of the polytope P (a, b, m) is equal to twice the number ℓ(a, b, m + a + b) of ways in which m can be expressed as m = ai + bj with (i, j) a pair of non-negative integers.
We let C(n) be the C m -representation that is given by C with z ∈ C m acting as multiplication by z n and defineλ(a, b, m) to be the direct sum over all integers n in the closed interval to be the image of the sub-simplicial complex Σ(a, b, m) ⊂ ∆ m−1 defined in the introduction; it is a sub-C m -space of P (a, b, m). To understand this subspace better, we let p be an integer in the closed interval [cm/a, dm/b] and write p = cu + dv for a unique pair of non-negative integers (u, v). We define an index function of weight p to be a map g : Z → Z with the property that for all t ∈ Z, g(t + u + v) − g(t) = m and g(t) − g(t − 1) ∈ {a, b}, and define Q(a, b, m; g) to be the polytope given by the convex hull inλ(a, b, m) of the finite subset
Then Q(a, b, m) is equal to the union of the polytopes Q(a, b, m; g) as p ranges over all integers in [cm/a, dm/b] and g ranges over all index functions of weight p. If a (resp. b) divides m, then the composition of the canonical inclusion of the subspace λ ′ (a, b, m) (resp. λ ′′ (a, b, m)) intoλ(a, b, m) and the canonical projection ofλ(a, b, m) onto C(cm/a) (resp. C(dm/b)) is an isomorphism, and we define the subset 
of the map x and a map h which we now define. Suppose first that neither a nor b divides m. In this case, we define h to be the map of pointed C m -spaces
induced by a suitable radial dilation away from 0 ∈ P (a, b, m). It follows from Conjecture 6.2 (1) that the map is well-defined, provided that the dilation factor is sufficiently large. Moreover, if the map is defined, then its homotopy class is independent of the choice of dilation factor. Suppose next that a but not b divides m. We first use Conjecture 6. a, b, m) ).
It follows from Conjecture 6.2 (1) that radial dilation with sufficiently large dilation factor away from 0 ∈ P (a, b, m) induces a map of pointed C m -spaces λ(a, b, m) )), which we identify with Y (a, b, m) by identifying ζ ′ 2a ∈ C † a with 1 ∈ C a , into the target pointed C m -space of the map h ′ . More, the inclusion ι is readily verified to be a strong deformation retract. Finally, we define the map h to be the composition h ′′ • h ′ of the map h ′ and a homotopy inverse h ′′ of ι. Again, the homotopy class of the map of pointed C m -spaces c is independent of the choices made. The definition of the map h in the remaining cases is analogous.
We fix a pair of relatively prime integers 1 < a < b and choose integers c and d with ad − bc = 1. Let m be a positive integer, let (i, j) be a pair of non-negative integers such that m = ai + bj, and let n = ci + dj be the corresponding integer in the closed interval [cm/a, bm/d]. Let also p be an integer in [cm/a, dm/b] and let g : Z → Z be an index function of weight p. We proceed to describe the images
by the canonical projection onto the summand C(n). Since for every pair of integers (k, l), we have
and since the square matrix on the right-hand side is invertible, we find that the greatest common divisors (m, n) and (i, j) are equal. We let q be the common value and write m = m ′ q, n = n ′ q, i = i ′ q, and j = j ′ q. Then P (a, b, m, n) is equal to the regular polygon in C(n) with vertex set
Similarly, Q(a, b, m, n; g) is the (irregular) polygon in C(n) with vertex set
and Q(a, b, m, n) is the union of the polygons Q(a, b, m, n, g) as p ranges over all integers in [cm/a, dm/b] and g ranges over all index functions of weight p. In this connection, we note that since i = dm − bn and j = −cm + an, we have Therefore, the polygon Q(a, b, m, n, g) does not contain 0 ∈ C(n), and since this is true for every index function g : Z → Z, neither does Q(a, b, m). This proves that also statement (1) of Conjecture 6.2 holds for m. We next assume that a but not b divides m. If ℓ(a, b, m) = 0, then m = ai with 0 < i < b, and we have P (a, b, m) = P (a, b, m, n) and Q(a, b, m) = Q(a, b, m, n) with n = ci. The former is the regular polygon with vertex set C a ⊂ C(n) and the latter is the subset C a of vertices, and hence, Conjecture 6.2 holds for m. So we further assume that ℓ(a, b, m) = 1, in which case m = a(i + b) = ai + ba with 0 < i < b, and hence,λ(a, b, m) = C(n 1 )⊕ C(n 2 ) with n 1 = ci + bc and n 2 = ci + ad. We find that P (a, b, m, n 1 ) and P (a, b, m, n 2 ) are the regular polygons with vertex sets C a ⊂ C(n 1 ) and C m/(a,i) ⊂ C(n 2 ), respectively. The index functions g : Z → Z have weight either n 1 or n 2 . If g has weight n 1 , then Q(a, b, m, n 1 ; g) is a single element of C a ⊂ C(n 1 ) and Q(a, b, m, n 2 ; g) is the regular polygon with vertex set C i+b ⊂ C(n 2 ). It remains only to consider the cases m = ab and m = 2ab. In the former case, we have ℓ(a, b, m) = 0 andλ(a, b, m) = C(n 1 ) ⊕ C(n 2 ) with n 1 = bc and n 2 = ad. Hence, P (a, b, m, n 1 ) and P (a, b, m, n 2 ) are the regular polygons with vertex sets C a ⊂ C(n 1 ) and C b ⊂ C(n 2 ), respectively. An index function g : Z → Z has weight either n 1 or n 2 . If g has weight n 1 , then Q(a, b, m, n 1 ; g) is a single point in C a ⊂ C(n 1 ) while Q(a, b, m, n 2 ; g) = P (a, b, m, n 2 ); and if g has weight n 2 , then Q(a, b, m, n 1 ; g) = P (a, b, m, n 1 ) while Q(a, b, m, n 2 ; g) is a single point in C b ⊂ C(n 2 ). This proves that Conjecture 6.2 holds for m = ab. In the latter case m = 2ab, we have ℓ(a, b, m) = 1 and λ(a, b, m) = C(n 1 ) ⊕ C(n 2 ) ⊕ C(n 3 ) with n 1 = 2bc, n 2 = ad+bc, and n 3 = 2ad. Hence, P (a, b, m, n 1 ), P (a, b, m, n 2 ), and P (a, b, m, n 3 ) are the regular polygons with vertex sets C a ⊂ C(n 1 ), C m ⊂ C(n 2 ), and C b ⊂ C(n 3 ), respectively. The index functions g : Z → Z have weights n 1 , n 2 , or n 3 . If g has weight n 1 , then Q(a, b, m, n 1 ; g) is a single point in C a ⊂ C(n 1 ) while Q(a, b, m, n 2 ; g) and Q(a, b, m, n 3 ; g) are the regular polygons with vertex sets C 2b ⊂ C(n 2 ) and C b ⊂ C(n 3 ), respectively. Moreover, the images of But the images of z in Q(a, b, m, n 1 ; g) and Q(a, b, m, n 3 ; g) are equal to 1 ∈ C(n 1 ) and 1 ∈ C(n 3 ), respectively. It follows that Q(a, b, m; g) ⊂λ(a, b, m) does not contain the origin and does not intersect neither λ ′ (a, b, m) nor λ ′′ (a, b, m). This completes the proof that Conjecture 6.2 holds for m = 2ab. Proof. We recall that for all positive integers m for which Conjecture 6.2 is true, we have already constructed maps of pointed C m -spaces
